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ABSTRACT 
In a world of computing, the question of the limits of computability takes grear importance and there have been a lot 

of attention to it. But no attention has been given to the theoretical origins of calculating. In this paper it is shown 

that there can be an Arithmetic (even if very restricted) without a calculating structure (the semigroup structure 

given by addition). This is done showing that there is a semantically closed proper subset of Peano’s axiom system 

that does not include addition but even so gives rise to what can be called a pre-arithmetical structure in the set of 

natural numbers. That means that the set of axioms defining the successor function builds a semantic entity 

independent of the axioms for addition; this concept is defined. Even if this is not a historical analysis, this situation 

implies that “counting” can be defined independent of “adding”. This discussion allows some interesting 

speculations concerning the possibility that human beings began “counting” as a qualitative process. 

 

1.   INTRODUCTION  
Many scientists, including some mathematicians, consider Arithmetic, as Euclidean Geometry, an example of a 

well-developed axiomatic theory, where Peano´s axiom system is almost standard. For its “users” it is an 

appreciated and solid fundament. New developments are considered to be a matter only for specialists. 

The main question of this paper is about the possibility that a subset of Peano’s system be semantically independent 

of the rest. Technically, it amounts to show that there is a model of the set of the first nine axioms that cannot be 

extended to a model of a set including these axioms and the axioms that define the usual “sum”.  

Even if such a question seems to belong to the realm of pure Mathematics and Logic, it is very relevant to the 

concepts of “calculating”, “computability” and specially to their limits. It is also briefly shown that it could be 

interpreted in historical and anthropological terms, regarding the possibility that once in the development of 

civilization the art of counting could have been a qualitative activity, instead of being, like today, a paradigm of 

quantitative reasoning. This, and further analysis, will give clues to the qualitative aspects of Arithmetic, and thus to 

the ground on which most of our computing is based.  

“Paradigm” is here understood in the sense of “paradigmatic example”, as in [Kuhn]. This presentation is semi-

formal, but every step, definition and theorem can be rigorously reconstructed in a strict formal methodology.  

 

2.    PEANO AXIOMS 

A version of Gödel’s theorem. Semantic independence. Today´s main approach to Arithmetic is a formal 

construction as a generative system. For example [1] assumes the following expressions as “axioms”, that is, the 

basic well defined formulae (wdf): 
(  1  0)

(  1   1) (   )

  0  

  (  1)  (   )  1  
and the induction axiom. All defined over an alphabet containing the symbols 0, 1, +, =, the basic logical and 

auxiliary symbols; variables denoted by lower case Greek letters, and the usual first and second order logical rules. 

In this definition the sum or addition of two numbers plays a fundamental role from the very beginning, because of 

its algorithmic operativity. 

Other presentations of Peano axioms system for the set of natural numbers, N, separate the definition of the 

successor function from the semigroup structure defined by the addition. In [2] we find the following “classical” 

presentation. First the axiomatic of the equality relation, as an equivalence relation: 

 

I. For every natural number ,  = .  

II. For all natural numbers  and , if  = , then  = .  

III. For all natural numbers ,  and , if  =  and  = , then  = .  

IV. For all α and , if α is a natural number and α = , then  is also a natural number.  
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Then the definition of the successor function: 

V. 0 is a natural number. 

VI. For every natural number , s() is a natural number. 

VII. For every natural number , s() ≠ 0. 

VIII. For all natural numbers  and , if s() = s(), then  = . 

The induction axiom follows: 

IX. If K is a set such that: 

0 is in K, and 

for every natural number , if  is in K, then s() is in K, 

then K contains every natural number. 

Only then addition is defined: 

 X. α + 0 = a 

 XI. α + s() = s(+). 

 

Behind the following reasoning lies a version of Gödel’s theorems where they are seen not as a limitation of our 

power of generating (true) statements, but as the propositive meta-statement: 

 

Theorem 1. Gödel’s meta-theorem. Let P be an axiomatic logical-mathematical structure, with axiom system 

Axiom1, Axiom2,…, AxiomN} and let S be a true statement not provable using it. Then it is always possible to 

add a finite number of axioms to the system in order to prove S. 

As is well known, under general premises it is enough to introduce the statement S self in the axiom system to 

demonstrate this theorem.  

 

Definition 1. Let Sys be an axiom system. Sys can be of finite or infinite cardinality. Assume there is at least one 

valid model (M, Sys). Let Sysn be a finite subset of Sys with n elements. If there is a model (N, Sysn) that cannot be 

extended to a model of Sys, call Sysn semantically independent in Sys.  

(N, Sysn) gives then information about the role of the axioms in Sysn and why more axioms are required or desired. 

 

3.    WORKING ONLY WITH THE FIRST NINE AXIOMS 

Archimedes axiom as a theorem.   

It is normally assumed that N has infinite cardinality. Many presentations of Arithmetic state this introducing 

Archimedes axiom (see Appendix) in the axiom system of Arithmetic. This axiom, however, guarantees only a 

potential infinite.  

The analysis begins showing that addition is not needed to demonstrate that the natural numbers are an actual 

infinity, and Archimedes axiom is no more an axiom, but the following corollary: 

 

Corollary 1. If an algorithmic procedure to calculate the successor of a natural number is introduced in the axiom 

system for Arithmetic, every (finite) natural number can be calculated in a finite number of steps. 

Once established the set-theoretical property of infinite cardinality for N, it is shown that this set together with the 

first nine axioms of Peano’s systems forms a model for this restricted “Arithmetic” that cannot be extended to a 

model of the usual Arithmetic with addition. 

 

Theorem 2. The cardinality of the set N is infinite.  

Demonstration. The successor function is a function, that is, to every element of its effective domain corresponds 

only one of its codomain. Axiom VIII states that to every element of the codomain corresponds only one element of 

the domain; thus it is one-to-one. Assume N is finite with cardinality car(N) = k. Its effective codomain is N \ 0. 

This set has only n-1 elements, and thus s cannot be a bijection. But s is defined and one-to-one for every element of 

N, Its effective domain is the whole of N, including 0 and thus it has to be a bijection. As long as N is finite this is a 

contradiction. 
 
Thus, N has to be of infinite cardinality, because it is the only then possible to construct a bijection between itself 

and one of its proper subsets. For example, the function s(n) = 2n establishes a bijection between N and the set of 

even numbers, a proper subset of N. There is also a bijection between (the whole of) R and the open interval (-1, 1). 

 

Definition 2. A set is an actual infinity if there is a bijection between the whole set and one of its proper subsets. 
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One main point is that the system (N, axioms I-IX) is self-contradictory if it has finite cardinality. Even if we 

construct the next element in the list, this is not enough to avoid the contradiction “(s is a bijection) and (s is not a 

bijection)”. Due to the fact that the rest of the axioms in Peano’s system is non-contradictory with the first nine, the 

following theorem is valid: 

 

Theorem 3. If the set N is finite, the arithmetic space (N, Peano’s axiom system) is contradictory as a logical 

system. 

N is an actual infinite because it cannot be constructed by recursion through finite subsystems (see Appendix), 

because they all would be contradictory.  

If there is a well-defined set that satisfies only the first nine axioms of Peano’s system, the preceding demonstrations 

shows that this set has to be an actual infinity, in contrast to a potential infinity.  

 

Definition 3. A non-empty set M has the “potential infinity” property, or “it is potentially infinite” if Archimedes 

axiom is valid for it. 

An actual infinite can be also a potential one, but this is not always the case, as is now shown. 

 

Theorem 4. (N, axioms I – IX) cannot be considered a potential infinity. 

Demonstration. There is no operation in axioms I – IX}. No algorithmic procedure can be defined. N is infinite 

and non-construable, thus N is an actual infinite (it has infinite cardinality).  

In the next section it is shown that here are models of the system P1(axioms I – IX) that are not compatible with of 

P2(axioms I – X). Clearly there are other models where all axioms in Peano’s system are compatible. 

 

Theorem 5. The set of natural numbers N is a model of the system defined by axioms I to IX.  

It has to be shown that there are successor functions that can be defined in the structure given only by axioms I to 

IX.  

 

4.    A NEW SUCCESSOR FUNCTION.  
Define: 

 z: N  N \ 0, 

 z(0) = α0, α0  N \ 0,       (1) 

 z(n-1) = αn, αn N \ 0, α1, α2, …, αn-1.     (2) 

It will be demonstrated that z satisfies the axioms of a successor function without the introduction of a “sum”.. 

 

5.    CORRECTNESS OF THE DEFINITION  
A restricted version of the Axiom of Choice. The difference between the “usual” successor function s and z is that 

here it is not presupposed that the successor of a number is given algorithmically. But it is not needed, and if no 

operation is defined, no algorithm can be defined. 

z(0) is any number in N \ 0; z() is any number in the set N without every one of the previously chosen numbers. 

Once z() is chosen, in whatever way, it is fixed; it is also unique, no other number is assigned to . 

The assignment of a number to  through the function z is guaranteed by the choice functions implicit in the axiom 

of choice. This axiom states that given an infinite number of (non-empty) sets I can take (“choose”) one element of 

each set and build a set with them. Which element is taken from each set? Any one. I may not know how it has been 

chosen, but the axiom states that I can take it. What is needed is just that the successor of a number can be taken in 

some manner from a set with an actual-infinite cardinality.  

Formally, z(n)   z(n-1)   N \ 0, α1, α2, …, αn-1.  

Every choice of  gives a valid choice of a successor function.  

It has to be remarked that the axiom of choice is been used here in its most-finite form, in every step the set of sets 

from which only one element per set is chosen has here only one element. Under this restricted circumstances, the 

axiom of choice has the following corollary: 

 

Lemma 1. Lemma of restricted choice. Given a set, it is always possible to define a set with only one element of the 

set.  

This lemma guarantees that I can take one element of N, even if I do not have an algorithmic procedure for it.  

If N is only potentially infinite the successor of α has to be constructed, and axioms defining addition (or any other 

adequate operation) are needed. In the case here discussed, if the successor is just “chosen” from a given set, no 

operation is presupposed. 



IJRRAS 13 (3) ● December 2012 Bolaños ● On the Basic Qualitative Aspects of Arithmetic 

 

 
 

698 
 

Once a series of numbers has been chosen, it can be used to “count”. That is, it is possible to define a function from 

N with its usual ordering into the finite set 

 0, s(0), s(s(0)), …, s(…(s(s(0)…). 

For example, using one of the usual constructions of N, where its elements are considered classes of sets, we have 

 0 = 0 

 s(0)  1, 

 s(s(0))  2, 

 … . 

Then the function  

 (0) = 0, 

 (s(0)) = 1, 

 (s(s(0)) = 2, 

 … , 

is well defined. Call the number s(s(…s(0)…)) αn if (s(s(…s(0)…))) = n. n is element of the set N with its usual 

well-ordering. It is necessary to remark that this ordering is defined using strictly the set-theoretically relation of 

inclusion: 

  <       or        , 

and not an operation like addition. 

This is what allows writing (2) in the form  

z(n-1) = αn, αn N \ 0, α1, α2, …, αn-1,  

because the notation αn-1 just indicates that αn is the successor of αn-1, and that n-1 < n, where “<” denotes the 

normal irreflexive ordering of N. The irreflexive ordering is used in order to assure that the successor is unique. 

Define “counting” as any bijection from (N, <) or (N, ) into a finite set. Functions like  allow the use of (N, <) or 

(N, ) or sets “isomorphic” to them for counting. 

If condition (2) can be written in the form given, then the following corollary is true by induction: 

Corollary 2. The codomain of z is the whole set N \ 0. 

Thus: 

Corollary 3. z is a well defined bijection of N over N \ 0. 

And, by definition of : 

Corollary 4. The codomain of z can be used for counting. 

 

6.    Z SATISFIES THE AXIOMS V TO VIII IN N.  
Three things have been shown: 1. N is given (actual infinity). As a set, every element of N is different from any 

other one. 2: z is always theoretically realizable and, in the case that it is defined algorithmically, it is construable. 3. 

It is possible to define a well ordering in the codomain of z (the set of “successors”) plus the additional element 0.  

z satisfies the axioms defining a successor function. 

V. 0 is a natural number. 

- It is so by definition. 

VI. For every natural number , z() is a natural number. 

- The range of z was so defined. 

VII. For every natural number , s() ≠ 0. 

- The domain of z was so defined. 

VIII. For all natural numbers  and , if s() = s(), then  = . 

- By Corollary 2. 

In fact, z is representative of a whole family of functions, denoted by zi, because every realization of the act of 

“choosing” a successor for every natural number defines a concrete successor function. For example, s  z, because 

it gives (algorithmically) the successor of every natural number. Any other bijection of N over N \ 0 can do the 

job. The most “radical” elements of z are totally an-algorithmic. These functions cannot be constructed and, because 

of their cardinality (taking functions as subsets of NN ), they can neither be exhibited but their existence is as 

assured as Cantor’s real numbers. Let w be one of them. Notice that there should be at least one such function, as a 

pure statement of existence. 

 

 

7.    W DOES NOT SATISFY AXIOM XI.  

Theorem 5. If w is used as the successor function, the axiom 

 α + s(β) = s(α+β),  
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is not satisfied. That is   

α + w(β)  w(α+β),  

for at least one natural number.  

Demonstration. Take β = 0, then α + w(0) should be equal to w(α) for any α, and because w(0) is a fixed number,  

 w(α) = α + w(0)        (3) 

would be an algorithm to calculate the successor of any number, but w is so defined so as to differ from any 

algorithmically defined function. The second addition axiom is violated, because the definition of w implies that 

there is at least one  for which (3) is not true.  

 

8.    CONCLUSIONS 
Counting as a qualitative activity. It has been shown that N forms a model of the system defined by the first nine 

axioms of Peano’s system and thus the “classical” formulation is more general than the strict formalized ones where 

the successor function is merged with the concept of addition.  

The set of successor functions that are adequate for the act of counting has more than one function, one being the 

“normal” successor function s, another a non-algorithmic procedure. The existence of many more functions 

satisfying these axioms is plausible. An interesting task would be to find or construct a function that would allow to 

define addition in the usual way, but that would not have the form of s: s() = +1. Possible candidates could be 

functions for which the successor of 0 be different from one. For example, s’(0) = 7. s’ would separate N in 7 

different classes, maybe something like the dual of the function “modulus 7”. 

From a more philosophical point of view, the separation of the act of “counting” from the act of “adding” could 

indicate a moment in the conceptual road to Mathematics when for a group of persons “counting” would be a pure 

qualitative process of reasoning. These persons could distinguish between the number of elements in a herd of goats 

in an operative way. They could establish if the herd has “the same number of animals like yesterday” or if it would 

have “more” elements or “less” than a week ago, without needing to determine specifically how many “more” or 

“less” animals there are. Besides, continuous repetition of the process would certainly give good and practical 

information that would contribute to an adequate conception of addition. 

One last question is also of interest. As remarked, the first nine axioms are enough to establish if a given set is the 

set N or not, but they are not enough to construct it. Thus, the construction of a potentially infinite set requires 

stronger conditions that the characterization of an actual-infinite set. In this sense, the somehow surprising 

conclusion is that the concept of “potential infinite” may not be a weaker concept than “actual infinite”. 

 

Appendix, Notation and definitions. 

N denotes the set of natural numbers including zero, Q the set of rational numbers, R the real numbers. 

A “model” of a given axiomatic system P(Ax1, Ax2, …, Axk) is a set M that satisfies the axioms Ax1, Ax2, …, 

Axk, …. Denote it by (M, Ax1, Ax2, …, Axk, …).  

In some presentations of Arithmetic the following axiom is given: 

Axiom XII (Archimedes). Given any natural number, it is always possible to construct its successor. 

“To construct” is a technical word, meaning here a finite algorithmic procedure based on the pre-existing elements 

of N (in a first instance 0 and 1, and later on any already constructed natural number) that has as a result an entity  

not previously element of N that a posteriori can be shown has the properties of a natural number and recursively N 

can be redefined as 

 N := N  }. 

The words “finite procedure” are here only emphatic, because the concepts “algorithm” and “algorithmic procedure” 

denote, by definition, always a finite procedure. 

Axioms X and XI define an operation that allows the construction of finite procedures. 

An axiom system is “compatible” with a non-contradictory set of statements S if no element of S can be deduced 

from the axiom system, and the set S can be added to the original set of axioms generating a coherent and non-

contradictory system.  

 

This paper is dedicated to Dr. Arturo Grappone, Roma. 

 

8.    REFERENCES 

[1] Lexikon der Kybernetik, Vol. 1 A – E, Akademie Verlag, Berlin, 1980. 

[2] van Heijenoort, Jean (ed.). From Frege to Godel: A Source Book in Mathematical Logic, 1879–1931 (3rd ed.). 

Harvard University Press, Cambridge,1976. 

[3] Kuhn, Thomas, The structure of scientific revolutions,  

 

http://en.wikipedia.org/wiki/Jean_van_Heijenoort

